Black hole radiance, short distances, and TeV gravity 
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Using a derivation of black hole radiance in terms of two-point functions one can provide a 
quantitative estimate of the contribution of short distances to the spectrum. Thermality is preserved 
for black holes with nip << 1. However, deviations from the Planckian spectrum can be found for 
mini black holes in TeV gravity scenarios, even before reaching the Planck phase. 
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Black hole radiance is one of the most important con- 
sequences of combining general relativity and quantum 
mechanics. Using quantum field theory in curved space- 
time Hawking 1] showed that a black hole emits thermal 
radiation. The derivation involves considering arbitrarily 
high frequency wave-packets in the intermediate states of 
the derivation. Any out-going Hawking quanta with fi- 
nite energy at infinity will have an exponentially increas- 
ing frequency when it is propagated backwards in time 
and measured by a free-falling observer at the horizon. 
The crucial role played by these ultrahigh frequencies in 
the derivation of the Planckian spectrum, or equivalently, 
the short-distance behavior of the free field considered, 
was stressed in |2, 13 ■ This question has been mainly an- 
alyzed using sonic black hole models with modified high 
frequency dispersion relations [^ |5J so as to eliminate 
ultrashort wavelength modes. In doing so one must as- 
sume the existence of a preferred frame. Such a frame 
is naturally identified with the rest frame of the atoms 
of the fluid and the modified dispersion relations come 
from effects of its microscopic structure. The result is 
that, even with a drastic change of the theory, thermal- 
ity is essentially unaffected if the black hole scale is far 
from the underlying microscopic scale. This docs not ex- 
clude that, for small black holes, with size not too far 
from the fundamental length scale, the standard Planck- 
ian spectrum can be modified. 

The purpose of this paper is to analyze this issue, in a 
purely gravitational context, in terms of two-point func- 
tions instead of dispersion relations. This way the short- 
distance contribution to the spectrum can be evaluated 
in a more explicit way. We focus our analysis on the situ- 
ation where non-trivial deviations from thermality can be 
found, even before reaching the late stages (Planck scale) 
of the evaporation. Therefore we shall pay particular at- 
tention to mini black holes considered recently 00 Hi in 
TeV gravity scenarios. The existence of extra dimensions 



gives hope to the possibility that the fundamental Planck 
mass could be TeV order Q- This, in turn, opens the vi- 
ability of producing black holes by high energy collisions 
10] (as in the LHC or in cosmic ray scattering) and de- 
tecting the Standard Model quanta of Hawking radiation 
jllj . Such black holes need to be very small (less than the 
typical length of extra dimensions) and above the funda- 
mental Planck scale to apply semiclassical gravity. In 
this scenario measurable deviations from thermality can 
arise due to unknown physics at ultrashort distances. 

The mean particle number produced in the gravita- 
tional collapse of a rotating black hole is 
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where k and fin are the surface gravity and the angu- 
lar velocity, respectively, of the black hole horizon. The 
Ti are grey-body factors, associated to a wave-packet 
i-mode (sharply peaked around the frequency uji) of a 
given particle species of spin s, and m is the axial angu- 
lar momentum of the emitted particle. Up to grey-body 
coefficients the spectrum is purely Planckian with the 
chemical potential term niilH- Note that the scale of (^ 
is essentially given by the (classical) surface gravity k of 
the black hole. Moreover the radiation is exactly thermal 
in the sense that there is no correlation between different 
modes (i ^ j) 
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When the modes coincide {i = j) the result is consistent 
with the thermal probability distribution and the state of 
radiation is indeed described by a thermal density matrix 
[l.2, 13] (see also 14, 15]). 

The above results are consequence of the evaluation 
of the late-time Bogolubov coefficients in a gravitational 
collapse. The expansion of a field in two different sets 
of positive frequency modes: u^"{x) (in the past infin- 
ity) and M°"*(x) (in the future infinity) leads to a rela- 
tion for the corresponding creation and annihilation op- 
erators: af* = Ej(a*jar - A>f ^)- When the coeffi- 
cients Pij do not vanish the vacuum states \in) and \<yut) 



do not coincide and, therefore, the number of particles 
measured in the i*'* mode by an "out" observer, in the 
state \in) is given by (m|-/V°"*|m) = J2k l/^ifeP- Moreover 
the correlations for i ^ j are given by {in\NiNj\in) = 

The use of the above relations and the explicit evalu- 
ation of the matrices pij and a^- at late-times, which 
always involves to consider intermediate ultrahigh fre- 
quency modes (due to the exponential redshift associated 
to the black hole horizon), leads to the thermal results 
(HJ and ©. 

Within the standard analysis in terms of Bogolubov 
coefficients it is not easy to evaluate explicitly how ul- 
trahigh frequencies or, equivalently, ultrashort distances 
contribute to generate the thermal spectrum. However, 
it is not difficult to rederive the Hawking effect in such a 
way that the contribution of short-distance physics can 
be explicitly worked out. Let us assume, for the sake of 
simplicity, that is a massless, neutral and minimally 
coupled scalar field. One can easily verify that the num- 
ber operator can be obtained from the following projec- 
tion 



x{(t){xi)(t>{x2) - {out\4){xi)(t>{x2)\out)) ,(3) 

where E represents a suitable initial value hypersur- 
face and the two-point expectation value has the form 



{0Ut\(l){xi)4>{x2)\0Ut) = hj^k^k 
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ir**ix2)- There- 
fore, the number of particles in the i"* mode measured 
by the "out" observer in the "in" vacuum is given by 
{in\N,\in) = (m|7V„;|m), where N^j = h~^a'"'*la°/'*, and 
it can be evaluated using the above expression. In two- 
dimensions analogous formulae have been worked out in 
Ra and a somewhat related scheme has been given in 

Let us now apply lj3Jl to the formation process of a 
Schwarzschild black hole and restrict the "out" region to 
future null infinity (/'*'). The "in" region is, as usual, 
defined by past null infinity (/~ ) . At /"^ we can consider 
the normahzed radial plane- wave modes u'^l^{t, r, 6, <p) — 



Uui{u)r ^Yijn{d,(t)), where u„,(m) 



/47mj 



and u is the 



null retarded time. Note that to work with the null hy- 
persurface /"*" instead of a spacelike one requires to re- 
place the two-point function by the symmetrized one. We 
shall now evaluate the matrix coefficients (inlNi-^i^lin) 
where i = {w, I, m) 
we have 



After straightforward manipulations 



(m|7VijiJm) = - / duidnidu2dCl2Yi^rnii0i,4>i) y< 
ri Ji+ 

Yil^^{92, (l)2)Uw,{ui)ul^^{u2)du^du2[Gt„{xi, X2) 
- Gout{xi,X2)] , (4) 

where Ginixi,X2) and Gout{xi,X2) are the two-point 
functions of the "in" and "out" states, respectively. Note 
that Gi„{xi, X2) — Gout{xi, X2) is a smooth function. The 



singularity of Gin{xi, X2) is exactly cancelled by the cor- 
responding one of Gout{xi,X2)- At /"*" these functions 
can be expanded as 
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and 



Gin{xi,X2) = -^ / C^^y^ 
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where the function v{u) in © is, as usual, given by 
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Note that this expression, relating the inertial times at 
/+ and at /~, encodes the effect of the time-dependent 
gravitational collapse. Using it assumes that we are in 
the late-time regime and also that we are neglecting the 
backreaction. 

Performing first the angular integrations and defining 



Gout{ui,U2) = hduidu2 / dw- 
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All (ui — ^2)^ 
and a similar expression for the "in" vacuum 

h 1 



Gin{vi,V2) = - 

we easily get 
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We can rewrite this expression using ^ and introducing 
new variables z+ = U2 + ui, z = U2 — ui so that the 
integral corresponding to z"*" leads to a delta function in 
frequencies. The result is 
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Finally, performing the integration in z = 1*2 ^ "i we get 
the Planckian spectrum (see (|16|l - 117ll 'l 
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We note that, to obtain this result, we have to assume 
that quantum field theory is valid on all scales. 

To get the final result we have to take into account 
the fact that we have restricted our "out" Fock space to 
the external region /+ . This means that a fraction of an 
outgoing wave-packet will be scattered by the potential 
barrier and only part of it reaches 7"*". To incorporate this 
effect we should multiply the "out" modes mJ^"^ in Q 
by the transmission coefficients t^i of the Schwarzschild 
geometry. Therefore we obtain the complete emission 
rate per unit frequency w and time u 



--{in\Nw\in) = 
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where Tim = |t;mP are the grey-body coefficients. When 
the black hole is rotating the result is similar to H12|l with 
the replacement of w by w — m^H ■ The analysis can also 
be extended to account for correlations between number 
operators with different frequencies. They can be ex- 



pressed as 18] 
ator 
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X {(I){xi)4>{x2) " {out\4){xi)4>{x2)\out)) . (14) 
Explicit evaluation gives 
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We note that the behavior of the two-point functions © 
and ® (both ^^Gzn{vi,V2) and Gout(ui,U2) can 
be expressed in terms of z = U2 — ui) is fundamen- 
tal for the vanishing of both quantities (inlCi-^i^lin) and 
{in\Ni-^i^\in) (the latter with ii 7^ 22). 

The expression (|12|l is very useful since it offers an 
explicit way to evaluate the "weight" of distances |m2— ui| 
to the Planckian spectrum. To be more explicit we shall 
now compute the contribution of distances z G [— e, e] to 
the full integral. This contribution 
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2ttw 
can be evaluated analytically 
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e(e«« - 1) 
1 + e'('=+2™) + e'«(l - ck) - e2""'(l + en)]} , (17) 



and in the limit e — > -|-cx) we nicely recover the Planck- 
ian spectrum (e^'^""' — 1)^^- We note that the 
above expression holds equally for an arbitrary num- 
ber 4 + n of dimensions. Moreover, a simple calculation 
shows that the absence of correlations (inlNi^Ni^lin) — 
{in\Ni-^\in) {in\Ni^\in) = in the emitted radiation is pre- 
served even if short distances are excluded in the evalu- 
ation of (inlCiji^lm) and (inlNi-^i^lin). 

For black holes produced by gravitational stellar col- 
lapse the contribution of I{w, k, e) is, when e is taken 
as the Planck length Ip ~ 1.6 x 10~^^ cm, negligible 
(of order Ke for Wtypicai ~ K/27r = Th)- In fact, for 
a black hole of three solar masses we need high fre- 
quencies w/wtypicai ~ 96 to find that the contribution 
of Planck distances I{w, k, Ip) is of order of the total 
spectrum itself. Moreover, the relative contribution to 
the Planckian distribution is, for w ~ Wtypicai, of or- 
der 10~'^*%. For primordial black holes M w lO^^g we 
find w / Wtypicai ~ 52 and the relative contribution to the 
spectrum is now 10^^^%. This is why Hawking thermal 
radiation is very robust, as it has been confirmed in anal- 
ysis based on acoustic black holes (for recent reviews, see 
[13). The condition on |mi — U2I, which accounts for 
very short wavelength, is analogous to the modification 
of the dispersion relations in the fluid frame. The de- 
viations from the Planckian spectrum are also found, in 
acoustic black holes, of order k/cq {k^ is the wave vector 
characterizing the fluid atomic scale) for w ^ Wtypicai ■ 

When the product ere is of unit order the contribu- 
tion of short distances to the Planckian spectrum is not 
negligible. The integral I{w, k, e) gives values similar to 
^g2TiwK _ j^-j-i -^yi^gji w/ Wtypicai is not very high. This 
happens in TeV gravity scenarios. Assuming a drastic 
change of the strength of gravity at short distances due 
to n extra dimensions (a Planck mass MtcV of 1 TeV) 
and for a (4 -I- n)-dimensional Schwarzschild black hole of 



mass M (M - 5 - 10 TeV) with 20] k 
the horizon radius is given by 
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we obtain: w/wtypicai ~ 3.3 (n = 2), w/wtypicai ~ 3.1 




FIG. 1: Plot comparing the Planckian distribution (solid line) 
N{w,n) = (e^'"™/" - 1)"^ with the one obtained by sup- 
pressing the contributions coming from distances shorter than 
e = ItcV (dotted line). We have taken M = 10 TeV. 

(n — 4) and w/ Wtypicai ~ 3.0 (n — 6), for a black hole 



mass Af = 5 TeV; w/wtypicai ~ 3.6 (n = 2), w/wtypicai « 
3.3 (n — 4) and w/wtypicai ~ 3.1 (n — 6), for M = 10 
TeV. Wtypicai varies in the interval ~ 100 — 165 GeV, 
depending on n and M. The contribution of distances 
shorter than the new Planck length IxeV ^ lO^^'^cm 
to the spectrum reaches now significative values: 21% 
(n = 2), 25% (n = 4) and 28% {n = 6) for M = 5 
TeV, and 17% (n = 2), 22% (n = 4) and 26% (n = 6) for 
M = 10 TeV (see Fig. 1). In addition, the relative contri- 
bution to the luminosity, originated in the distance range 
|u2 — Mil < IxeVi increases these numbers since grey-body 
factors Ti{w) grow up with frequency. Since in the ul- 
trashort distance regime there may exist some unknown 
physics, not described by relativistic quantum field the- 
ory, it can give some signature in the evaporation, even 
before reaching the Planck-scale phase. In other words, 
significant deviations from the Planckian spectrum can 
potentially emerge in the "Schwarzschild phase" of the 
evaporation, where most of the energy is expected to be 
radiated away |g]. 

Finally we wish to stress that Eq. (|10|l can be rewrit- 
ten as an integral along /~ (with respect to dvidv2). 
Constraining distances also at /~ in the "naive" way: 
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) < e is problem- 



atic. To see this let us consider Minkowski space and 
the transformation v = e^^u, which can be regarded 



as a radial boost with rapidity ^. Absence of particle 
production under this boost requires that, at J~, we 
should impose {v2 — vi)^ < e^e~^^ (if {u2 — ui)^ < e^) 
or (m2 - ui)^ < e^e^^ (if {v2 - wi)^ < e^) . There- 
fore, under a general transformation v — v{u) (as the 
one V ^ K~^e~''" appearing in black hole formation) 
we should generalize the above relations and the easi- 



est way is {v2 
or {u2 



^2 ^ ^2p_^ 

^ ' au\ aU2 



(if iu2 - u^Y < e^) 
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< e^ 



In the 



former situation (naturally preferred since physical mea- 
surements are performed at /"*") the results are equiva- 
lent to those obtained previously and parallel to those 
obtained in sonic black holes. The second possibility is 
more exotic since it predicts a drastic change in the parti- 
cle production rate 21] . The radiation is approximately 
thermal after the formation of the black hole, but for 
a short period. Moreover, the correlations cease to be 
zero and increase with time. This possibility cannot be 
excluded completely (see also [2^1. 
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